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CLASSIFICATION OF RANK-2 AMPLE AND SPANNED
VECTOR BUNDLES ON SURFACES WHOSE ZERO LOCI
CONSIST OF GENERAL POINTS

ATSUSHI NOMA

ABSTRACT. Let X be an n-dimensional smooth projective variety over an al-
gebraically closed field k of characteristic zero, and E an ample and spanned
vector bundle of rank n on X . To study the geometry of (X, E) in view of
the zero loci of global sections of E , Ballico introduces a numerical invariant
s(E) . The purposes of this paper are to give a cohomological interpretation of
s(E), and to classify ample and spanned rank-2 bundles E on smooth complex
surfaces X with S(E) = 2¢,(E), or 2¢y(E) — 1; namely ample and spanned
2-bundles whose zero loci of global sections consist of general c,(E) points or
general c,(E) — 1 points plus one. As an application of these classification,
we classify rank-2 ample and spanned vector bundles E on smooth complex
projective surfaces with ¢(E) =2.

INTRODUCTION

Consider an n-dimensional smooth projective variety X over an algebraically
closed field k of characteristic zero and a spanned vector bundle E of rank
n on X with the nth Chern class c,(E) positive. There has been a certain
amount of interest recently in the problem of finding a characterization of am-
ple and spanned vector bundles of a small top Chern class c,(E), in connection
with the adjunction theory for ample vector bundles. To study the geometry
of (X, E) in view of the zero loci of global sections of E, Ballico [3] intro-
duces a numerical invariant s(E) as follows. If a global section ¢ is general,
since k is of characteristic zero, then the zero (¢)o of ¢ consists of distinct
¢ := cy(E) points of X, hence, by ¢ — (¢)o, we have a rational map p from
HO(X, E)—0/k* to the cth symmetric product Symm‘’X of X . Then s(E)
is defined by the dimension of the image of p. This invariant gives a rough
indication of how spread the zero locus of a general global section of E are
for any embeddings, and ranges n < s(E) < ncy(E). In [3], it is shown that if
S(E) = ncy(E) then X is rational and that if s(E) = nc,(E) — 1 then X is
uniruled. And he tries to classify ample and spanned bundles E on surfaces
X of small ¢;(E) with s(E) =2c,(E) or 2¢c;(E) -1 [3, 4].

As his results suggest, this invariant in extremal cases seems to determine
the structure of (X, E) even if ¢,(E) is not small, and hence it is in fact
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very reasonable to expect the pair of (X, E) with “extremal” s(E) must be
completely enumerated, at least #n = 2. As the first step to this end, one would
like to have an interpretation of s(E), which provides us a certain way for its
calculation as well as a closer understanding of the extremal examples.

Our purposes here are to give a cohomological interpretation of this invariant
and to complete Ballico’s classification.

Along this line, our first result is the following:

Corollary 1.2. Let E be an ample and spanned vector bundle on a smooth pro-
Jjective variety X over an algebraically closed field k of characteristic zero. If a
global section t of E is general, then

s(E) = dimy HY(X , E) — dimy H(X , A, ® E)
holds, where %, denotes the ideal sheaf of the zero locus (t)o of t.

The theorem implies immediately that s(E)—1 is exactly equal to the dimen-
sion of the linear subspace of P(H?(E)), spanned by the fibres n~!(P,), ...,
n~!(P,) of the projection n: Pyx(E) — X over a “general” zero locus {Py, ...,
P.} (c:=cp(E)). Also, this formula provides us a way for calculation of s(E).

Next we classify (X, E) with small nc,(E) — s(E). In the case n =1, by
using (1.2), the problem reduces to classical ones (see (1.5)(1)). Hence we deal
with the case of n =dim X =rankE = 2.

Our results are the following:

Theorem 3.1. Let E be an ample and spanned rank- 2 vector bundle on a smooth
projective surface X over the complex number field. Then s(E) = 2¢,(E) if and
only if (X, E) is isomorphic to one of the following:

(1) (P*,0(2) ®2(2)).

(2) (P2, Tp(1)), where Ty is the tangent bundle of P?.

3) Fo,@2h+ @ (h+2f)).

(4) (Fy, E), where E is a unique bundle defined by a nontrivial extension

of @(h+3f) by @(2h +2f).

(5) P*,o()ed(1).

6) P*,0(1)00(2).

(7) (P2, Tp).

(8) (Fe,O(h+af)®?) (a>e>0).

9) (Fe,C(h+af)oh+(a+1)f)) (a>e>0).
Here, F, denotes the eth Hirzebruch surface with the minimal section h and
a fibre f, and with the projection n: F, — P!.

Theorem 4.1. Let E be an ample and spanned rank- 2 vector bundle on a smooth
projective surface over the complex number field. Then s(E) = 2¢c,(E)—1 if and
only if (X, E) is isomorphic to one of the following:
(1) (P2, 0(1)@d(3)).
(2) (P%, FP(2)), where F? s the vector bundle defined by an extension of
the ideal sheaf % of P € P? by the structure sheaf @ ([15, (1.33)]; see
also [4, p. 484]).
(3) (P2, @(2)80(3)).
4) (Fo,@2h+2HdCh+f)).
(5) (Fo,@2h+2fYoOh+2f)).
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(6) (Fo,@2h+2f)®@(h+3f)).

(7) (Fo, E), where E is a bundle defined by a nontrivial extension of
G(h+3f) by @2h+ f).

8) (F1,012h+3f)e&(h+2f)).

9 (F1,62h+3fYol(h+3f)).

(10) (F,, E), where E is a unique bundle defined by a nontrivial extension
of @(h+4f) by @(2h + 3f).

(11) (F2, E), where E is a unique bundle defined by a nontrivial extension
of O(h+4f) by @(2h +4f).

(12) (Fe,@(h+af)e(h+(a+2)f)) (a>e>0).

(13) (Pc(&F), (& @ ¥) @ 7(1)), where Pc(F) is a geometrically ruled
surface over an elliptic curve C with the projection n: Pc(¥) — C
and with the tautological line bundle & (1), F and & are normalized
(ie, H(F) #0 but H(F @ #) = 0 for every line bundle ¥ on
C with degV" < 0) rank-2 vector bundles on C of deg# = —e and
deg& =1, and & isaline bundle on C of deg¥ = a with a—e > 1.

The theorems above complete Ballico’s classification of rank-2 ample and
spanned vector bundles with 2¢c,(E) — s(E) = 0 and 2 < (E) < 7 or,
2c)(E) —s(E) = 1 and 3 < ¢;(E) < 7 in [4], where he assumes, in addi-
tion, that det(E) is very ample. Unfortunately, Ballico’s classification in the
case S(E) = 2¢;(E) — 1 contains two omissions; the bundles with the ample
adjoint bundles K ® det(E) and with A%(K ® det(E)) = ¢,(E), and the bun-
dles on elliptic geometrically ruled surfaces corresponding to (13) in Theorem
4.1 are omitted. The bundles of the first type were pointed out by Matsubara,
and are classified in [24]. The omission of the second type results from his
incorrect assertion [4, (1.1)], which ruled out the possibility of ruled surfaces
of the first irregularity greater than or equal to 1: Precisely, in the proof [4, p.
473, line 7], the elliptic curves have been excluded from projective curves with
infinitely many involutions by mistake. Due to these two faults, his preliminary
lemmas in [4, §1] are not true. Here we will restate and prove some of these
assertions (see §4). The ideas of our proof are found in Ballico [4, §1]. In our
proof, we clarify the meaning of “a general point in a space” by constructing
the corresponding open subset actually, though this makes our proof somewhat
longer.

Theorems 3.1 and 4.1, together with Ballico’s classification of ample and
spanned rank-2 bundles on surfaces with the other extremal s(E) [3, (4.1)],
yield the following theorem.

Theorem 6.1. Let E be an ample and spanned rank-2 vector bundle on a smooth
projective surface X over the complex number field. Then cy(E) = 2 if and only
if (X, E) is one of the following:

(1) (X,E)=(P2,0(1)e0(2).

(2) (X, E)=(Q?*, &(1)®2), where Q* is a smooth quadric in P3.

(3) X is isomorphic to a geometrically ruled surface Pc(F) over an elliptic
curve C with the projection n: Pc(¥) — C and with the tautologi-
cal line bundle & (1), and E = 7*(&)® & (1). Here & and & are
indecomposable rank-2 vector bundles on C of degree 1.

(4) There exists a finite morphism f: X — P? of degree 2 and E =
f(@(1)®?).
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The problem of classifying ample and spanned rank-2 vector bundles E of
c(E) = 2 on smooth complex projective surfaces X was already considered
by many authors: Lanteri [20, 21] and Ballico and Lanteri [6] classified these
bundles under the assumption that det(E) are very ample; Biancofiore, Fania,
and Lanteri [8] and Ballico and Lanteri [7] classified these bundles in the full
situation. However, H. Maeda told me that the papers [20, 8] contain the same
gaps, for which I cannot give a proof: Namely for (X, E), the morphism
u: X — Grass(2, H(X, E)) sending x € X to a 2-quotient H)(X, E) —
E®k(x) factors through the adjunction mapping of det(E). Consequently, the
classification seems to have been incomplete, since the proof of the classification
theorems in [6] and [7] rely on the results of [8] and [20]. Here we prove the
theorem from a different point of view. Hence, apart from the above pomt we
believe that our method is worth dealing with.

Our exposition proceeds as follows. In the first section, we give an inter-
pretation of Ballico’s invariant s(F). Here we define an invariant sp(E) for
a vector bundle of rank r (< n) on a projective variety of dimension n, by
using a morphism 7 from an open set of global sections to a Hilbert scheme.
This invariant is equal to s(E) when r = n and X is smooth over a field of
characteristic zero. The main results (1.1) and (1.2), an interpretation of sp(FE)
and s(E), are obtained by looking at the fibre of the morphism 7. Moreover,
we look at the map between tangent spaces of 7.

The following four sections are devoted to the classification of rank-2 vector
bundles E over smooth complex projective surfaces X with 2¢,(E) — s(E) =
0 or 1. In §2, as preliminaries of the classification, we prove some lemmas use-
ful for our classification, and recall some results. The classifications in the case

E : an ample and spanned rank-2 vector bundle
on a smooth complex projective surface X .
L :=det(E), K : the canonical bundle of X .
S(E) = 2c,(E)
|
(3.2): X is rational.
(3.3): g(X,L)=h'X,K®L)<c(E)
WX, L)=ho(X, E)+ cy(E) — 1 > 3c3(E)

K ® L is ample ?

Yes No

(3.4): K2>8.

X = p? l X=F,
! |
(3.5): (1),(2). (3.6): (3),(4). (3.7): (5),(6),(7),(8),(9).

FiGURE 1. Classification in case s(E) = 2¢;(E) (Theorem 3.1)
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E : an ample and spanned rank-2 vector bundle
on a smooth complex projective surface X .
L:=det(E), K : the canonical bundle of X .
S(E)=2c(E) -1

(4.2): X is ruled.
(4.3): hO(X,E) < hO(X, L) —cy(E)+ 1
hO(X, L) > 3cy(E) -1
(4.5): K ® L is spanned.
K ® L is ample ?

Yes No

(5.1): X is geometrically ruled
over a curve C, E|f = ©(1)92
for every fibre F of X — C

WX, K e|¢ L)>c(E) | X, K®L)< o) af)23 | aE=2
(4.6): g(X,K®L)=0 (4.7): X is rational ‘ |
(X, K ®|L) = y(E) K2 lz 8. (5.2): qI(X) <1 (5.3): g(X) <1
X =p? X=~F, q(X)=0 q(X) =1

l
(4.8): (1),(2),(3). (4.9): (4),(5),(6),(7), (5.7): (12). (5.10): (13).
(8),(9),(10),(11).

FiGURE 2. Classification in case s(E) = 2¢y(E) — 1 (Theorem 4.1)

2c)(E)—s(E) = 0 and 1 are carried out in §3 and §4,5, respectively. The clas-
sifications in the both cases proceed in a similar way (for details, see the charts
of classifications (Figures 1 and 2)): Based on the adjunction theory for ample
vector bundles, our proof of classification theorems consists of two parts. In the
first part, we treat the bundles E with the ample adjoint bundles K ® det(E).
The key step to this part is to deduce that an underlying surface is the projective
plane or a Hirzebruch surface. To determine the bundles, the inequalities in [3,
4] (see (3.3) and (4.3)), going back to Griffiths and Harris [15], are used. In the
second part, we treat the bundles E with the not ample adjoint bundles. By a
result of Fujita [11] (see (2.4)), the structures of (X, E) are roughly described.
At this stage, the formula in (1.2) is a powerful tool for the determination of
the structure of (X, E) precisely. But, in case s(E) = 2¢2(E) — 1, we need
several steps further, so the classification in this case are carried out in §5. In
the course of the determination of bundles on an elliptic geometrically ruled
surface with s(E) = 2¢;(E) — 1, we encounter ample and spanned rank-2 bun-
dles with s(E) = 2¢c;(E) — 2. These bundles are counterexamples to (6.1) in [4]
and to (0.1) in [5] (see (5.11)).

In the final section (§6), as an application of §3, 4, and 5, we classify the
rank-2 ample and spanned vector bundles of ¢;(E) = 2 on smooth projective
surfaces (6.1).

I am grateful to Professors Takashi Matsubara, Hajime Kaji, Toshio Hosoh,
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and Hidetoshi Maeda for valuable discussions and kind advice during the prepa-
ration of this paper. I am especially indebted to the referee for suggesting the
simple argument of the proof of (1.1).

1. A COHOMOLOGICAL INTERPRETATION OF BALLICO’S INVARIANT $(E)

Let X C P™ be a Cohen-Macaulay projective variety of dimension n over
an algebraically closed field k. Let E be a vector bundle of rank r (< n)
on X. We set |E| = P,(H%E)V) = H°(E) — 0/k*. A closed point of |E|
represented by ¢ € HY(E) is denoted by [¢]. For a global section ¢, we denote
the zero locus of ¢ by (¢)o. Recall that (¢)o is locally defined as follows: Let
wU : E|U - &2 be a local trivialization over an affine open subset U of X
and y/,.U : E\U — &y the composition of wU and the ith projection. Then
(t)o is defined over U by the ideal generated by wU(?), ..., wY(¢) (see [13,
p. 430 B.3.]). In other words, (t)o = Specy(Coker(tV: EV — Ox)) (see [18, p.
128, Example 5.17]). Next we recall the construction of the scheme-theoretic
family .Z of zeros of global sections parametrazed by |E|. Let g be the
cokernel of the dual evV: EY — H%(E)Y ® @x of the evaluation map of E.
So Z := Px(Zk) is a subscheme of |E| x X = Px(H°(E)" ® @) with the
projection @: Z — |E|. Then a fibre of @ over [¢] is Spec(k) xg Z =
Px(Ox) xipixx Px(ZE) = Px(Ox /(1" ® 1g,)(evV(EY))) (see [16, II, 2.5.13]),
hence @~!([¢]) = (¢)o, since Coker(tV: EV — Ox) = Ox/(t¥ ® 15,)(evV(EY)) .
More generally, let & be a locally free sheaf on a projective scheme 2 flat over
a Noetherian k-algebra R and s a global section such that s: R — H)(&) isa
split injection. In this case, the zero (s); and the family of zeros are defined by
the same way. Therefore, the base change Spec(R) x|z Z by a k-morphism
f: Spec(R) — |E| is the zero of the global section, corresponding to the R-
valued point (f, 1): Spec(R) — |E ®x R| = |E| x Spec(R), of the bundle
E®; R on X x Spec(R).

From now on towards the end of this section, we always assume furthermore
that E is globally generated with A%(X , E) = N+1 and that there exists a non-
zero global section ¢ with dim(¢)g = n—r. The last assumption holds whenever
E is an ample and spanned vector bundle on a smooth projective variety over a
field k of characteristic zero by [9, (2.5)]. Set P(z) be the Hilbert polynomial
with respect to (¢)g (C X) CP™. Set |E|weg = {x € |[E|; dim®~'(x) =n—r}.
By Chevalley’s theorem [16, IV, 13.1.5], |E|eg is a nonempty open subset of
|E|, since dim.Z = N +n —r and since the dimension of general fibre of @ is
less than or equal to n—r by assumption. We say that a global section ¢ € H(E)
is regular if [t] € |E|reg, i.€., if dim(¢)g = n—r. Since Z is P¥~"-bundle
over X and hence .Z is Cohen-Macaulay, @|®~!(|E|reg): @' (|E|reg) — |E|reg
is a flat morphism. Thus, by the representability of the Hilbert scheme, there
exists a morphism of schemes 7: |E|g — Hilb??) . Here Hilb2? is the Hilbert

X/k * X/k

scheme representing the contravariant functor # ilb/’;ﬁ) , from the category of

locally noetherian k-schemes T to the set # ilb;;;)(T) of closed subschemes
M of X x T flat over T with each fibre of the Hilbert polynomial P(z) (see
(17)).
Then we define the invariant sp(E) by
sp(E) = dim 7(|Ereg).
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This invariant sp(E) is interpreted as follows:

Proposition 1.1. Let E be a globally generated vector bundle of rank r on a
Cohen-Macaulay projective variety X of dimension n (> r). Assume that there
exists a regular global section. Then for a regular section t € H(E), the fibre of
7! |E|reg — Hilbi(/f() over t([t]) is just |Fy, ® E|N|E|wg, where ), denotes
the ideal sheaf of the zero locus of t and |.%;), ® E| = P(H*(%,, ® E)V) =
H% Ay, ® E) — 0/k* C |E|. Thus sp(E) = h°(E) — h%( Sy, ® E) holds for a
general regular global section t € H(E).

Proof. We consider the short exact sequence 0 —» H%(%,, ® E) - H%(E) —
H%&, ® E). If a global section ¢ satisfies ['] € |5, ® E| N |E|wg, then
¢ =0 in H%Y,, ® E). Thus for every affine open subset U where E is
trivialized as yV: E\U — &&", t;:= yY(¢)(i =1, ..., r) are contained in
HF,|U € Gy . In other words, (¢')o 2 (f)o, and hence (#')o = (t)o, since (t')o
and (t)o belong to the same flat family. Conversely, if (¢')o = (¢)o as schemes,
then ¢|U =0¢€ HY(U, &, ® E|U) for every U where E|U is trivial. Thus
¢ =0 in H%d,), ® E) and hence [!'] € | %), ® E| N |E|reg , as required. O

Now we recall the invariant s(E) of Ballico [3] (see also [4, 5]). Let E be
a globally generated vector bundle of rank r = n with ¢,(E) > 0 on a smooth
projective variety X of dimension # over an algebraically closed field k& of
characteristic 0. Then regular global sections actually exist. Since for a regular
global section ¢t € H(E), (t)o is O-dimensional of deg(f)o (:= length &,),) =
cn(E) (see [18, p. 431]), we have a map p: |E|rg — Symmy(X) by [t]~ ()0,
where Symmj,(X) is the ¢ := ¢,(E)th symmetric product of X . One checks
easily that p is a morphism of schemes. Then the invariant s(E) is defined by

S(E) = dim p(|E|reg).-

To see the relation between sp(E) and s(E), we consider the norm mor-
phism ny: Hilb;/(,f) — Symmj,(X) (for more details, see [17, p. 25]). Then
the morphism p is nothing but ny/ o 7. Since ny is isomorphic over the
open subset parametrizing smooth distinct ¢,(E)-point of X, by the generic
smoothness of @ , we have dim p(|E|rg) = dim 7(|E|reg) . Thus we have

Corollary 1.2. Let E be a globally generated vector bundle of rank n with
cn(E) > 0 on a smooth projective variety X of dimension n over an alge-
braically closed field k of characteristic zero. Then s(E) = h%(E)—h°(%,, ®E)

holds for a general regular global section t € H(E).

We say that a global section ¢t € HY(E) computes s(E) if s(E) = h%(E) —
h°(#y, ® E) holds.

Returning to our original situation, we shall look at the linear maps between
tangent spaces of 7: |E|w g — Hilb’;,(/? . Fix a regular global section t € HO(E).
To this end, for the natural projection n: HO(E) — 0 — |E|, we look at the
composition T, o T;: T,H(E) — Tiy|E| — Ty, Hilb;(/i). Here note that the
map Ty: T;H%(E) — Tjy|E| of tangent spaces at ¢ is the quotient HY(E) —
HO(E)/t - k. In general, tangent vectors are interpreted as follows: Let A be
the k-algebra k[e]/(€2), n: k[e]/(e?) — k the homomorphism with n(e¢) =0,
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and 1: Spec(k) — Spec(A) the inclusion associated with n. If M be a variety,
then the tangent vectors v € Homg,  (Qur x, k) = Homy (m,/m2, k) are in
one-to-one correspondence with k-morphisms ¢: Spec(A) — M, associating
to the ring homomorphism &y » — A, a — a + v(dy(a))e, with ¢ o1
the point {x}. Here m, is the maximal ideal of @ x and dyy is the
differential of M over k. Under this interpretation, the map T;: Tjy|E| —

Ty, Hllbx(/k) sends the tangent vector v: Spec(A) — |E| at [t] to Tov. By the

representability of Hllb?i , the tangent vectors w: Spec(A) — Hllb;(/? to (2)o

are in correspondence w1th the first-order deformations of (¢)o C X . Moreover,
the first-order deformations can be seen the global section of the normal sheaf
Mo/x = Gy, ® E (see, for example, [2, (6.1); 17; 18, p. 267, Example 9.7]).
Thus the linear map T; o T,: T,H(E) — Ty, Hilb/’\’,(/i) of tangent spaces is a
linear map H%(E) — H%(&,), ® E). Then we claim that T; o T,: H'(E) —
H%@, ® E) is just the restriction map. Indeed, a tangent vector u € H(E)
to HO(E) at ¢ are sent to a tangent vector Spec(A) — |E| which associates the
ring homomorphism Symm(H%(E)V) — A, g € HY(E)Y — t(g) + u(g)e , and
to the first order deformation Spec(A) xg-Z" C Spec(A) x X which is the zero
of the global section ¢ + ue of vector bundle £ ® A on X x Spec(A) defined
locally by the ideal (wU(?) + wV (e, ... , WY (1) + w¥(u)e) C Oy ® A, where
U is affine open over which E is trivialized by wV: E|U — &2". Under the
isomorphism of the set of first-order deformations of (f)o C X to H%(&,),®E),
(t+ ue)o corresponds to ul(t)o € H(Gy, ® E) , as required.
Thus we have

Proposition 1.3. The morphism t: |E|g — Hllb;(/}? induces a separable mor-
phism of |E|cg onto the closure of its image T(|E|reg) -

Remark 1.4. The argument of the proof of (1.1) and hence (1.2) is due to
referee. In our original proof, to see the dimension of image of 7(|E|rg), We
calculated the rank of the linear map of tangent spaces of 7 by looking at its
kernel as in (1.3).

Examples 1.5. (1). Let L be an ample and spanned line bundle on a smooth
projective curve C over an algebraically closed field k of characteristic zero.
Then s(L) = h%(C, L) — 1. By using Riemann-Roch and Clifford’s Theorem,
we have

(a) s(L) = c¢;(L) if and only if (C, L) is isomorphic to (P!, @p:(l)) for
some /> 0.
(b) s(L) =c¢;(L) -1 if and only if one of the following:
(i) C is an elliptic curve and ¢;(L) > 2.
(i) C is a hyperelliptic curve of genus g > 2 and |L| =
(¢) s(L)=c (L) — 2 if and only if one of the following:
(i) C isof genus 2, and ¢|(L) >4 or |L| is a base-point-free gj .
(ii) C isof genus g >3, and |L| is a base-point-free g; or g2.

(2) Let Tp be the tangent bundle of the projective n-space P". Then, by
using the Koszul complex for 7p (see, for example, [13, p. 431]) and Bott
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formula (see, for example, [28, p. 8]), we have

n, ifa=-1,

s(Tp(a)) = n(an:nl), ifa=0,
( )(n+a+2)—1, if a > 0.
a+1

2. PRELIMINARIES FOR CLASSIFICATION

In the following three sections, we classify ample and spanned rank-2 vector
bundles on smooth projective surfaces with 2¢,(E) —s(E) =0, 1.

From now on we work over the complex number field C and use the following
notation and terminology. By Ky (or K ) we denote the canonical bundle of
a smooth projective variety V' of dimension n. By ¢(V'), we denote the first
irregularity A'(V, @y). For an ample line bundle ¥ on V, the A-genus
AWV ,Z) of (V,Z) is defined by A(V, &) = n+ %" - hO(V,.¥#), and
the sectional genus g(V, %) of (V,Z) by 2g(V,¥)-2 = (Ky + (n -
1).Z).#" ! (for details, see [10]). For a line bundle .# on V, |.#| denotes
the complete linear system associated with .# . If .# is spanned, ¢ ¢ |: V —
P(HY(V , #)) denotes the morphism associated with the complete linear system
|#]|. We say that a short exact sequence 0 - ¥’ - F — F"” — 0 of
sheaves on V is globally exact if this sequence induces an exact sequence 0 —
HY (") - HY(SF) - HF") — 0. A vector bundle & on a smooth complete
curve is said to be normalized if HY(&) # 0 but HY(& ® #) = 0 for every
line bundle .#" on C with deg.# < 0.

In this section, we provide some useful lemmas and results for our classifi-
cation. The first lemma, especially (4), is a key to the case of K ® L ample.

Lemma 2.1. Let E be an ample and spanned rank-2 vector bundle on a smooth
projective surface X. Set L = det(E),d = 2¢c,(E) —s(E) > 0, and m =
hO(E)—s(E)—12>0. Let Px(E) be the projective space bundle associated with
E, with the projection n: Px(E) — X, and with the tautological line bundle
@(1). Then:

(1) g(X, L) =h(L®K)+q(X)-pg(X);

(2) g(X, L) =g(Px(E),O(1));

(3) d(Px(E), @(1)) = A(Px(E), O(1)) =2+ 2¢2(E) = + m;

(4) A(Px(E), (1)) +g(X, L& K) = K*+3{h°(L®K) - c2(E)} +3¢(X) -

3pg(X)+d—m.

Proof. (1) This follows from an exact sequence 0 - K - LK — L®K|4— 0
for an irreducible and reduced member 4 of |L|, by using Kodaira vanishing
and the adjunction formula.

(2) Let H be a smooth irreducible member of |#(1)| and ¢ the birational
morphism from H to X, hence ¢*(K)— Ky is a union of exceptional di-
visors for ¢. Set @y(1) = @(1) @ @y . By definition, g(Px(E), (1)) =
g(H,x(1)). Since Ky = (Kp®Z(1))|n =On(-1)® p*(L ® K), we have

2g(H, Oy(1)) - 2= (@u(1) ® Ky).Ou(1)
= 9" (L®K).(p*(L) + ¢*(K) — Ky)
=(L®K).L=2g(X,L)-2.
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Thus g(Px(E), @ (1)) = g(H, @x(1)) = g(X, L). For another proof, see [12,
(1.2)].

(3) This follows immediately from the definition of A-genus.

(4) By the relation between total Chern class and total Segre class in the case
of dimX = rankE = 2, d(Px(E), @(1)) = H? = ¢;(E)? — c(E) (see [10, p.
12 (3.7); 13]). Hence, by (3), we have A(Px(E), @(1)) = ¢|(E)? - 3¢2(E)+2+
6 — m. On the other hand, by the adjunction formula and (1),

gX,LeK)=K>+3g(X,L)—c(E)*-2
=K2+3n%X, LK)+ 3q(X) - 3pg(X) —c1(E)? - 2.
Therefore, we have
A(Px(E),&(1)) + (X, L®K)
=K2+3{hi°%(L®K) - (E)} +3q(X) = 3pg(X)+d-m. O

The following lemma is useful for calculation of s(E).

Lemma 2.2. Let E be a rank-2 ample and spanned vector bundle on a smooth
projective surface X . Then:
(1) Assume that h'(EV) =0. Then s(E) = h°(E) - h%(E®EV).
(2) Assume that E is a direct sum of line bundles M, and M, on X . Let
D; be a smooth irreducible member of |M;| (i =1, 2). Then:
(2a) s(E) = hO(My) + KO(Mp) — RO(M[' ® My) — hO(My ® M) - 2.
(2b) 2¢y(E) — S(E) > A(Dy, Ma|p,) + A(Dy, Mi|p,) > 0.

Proof. Consider the Koszul sequence for a section ¢ computing s(E)

(1) 0 — det(EY) — EY — S, — 0.
Tensoring this by E, we have
(ii) 0—EY—E'QE — S, E — 0.

(1) By assumption and the vanishing theorem [23, (1.7)], A/(EV) =0 (i =
0, 1), so we have h%(%,, ® E) = h% EV ® E) . Thus the assertion immediately
follows from (1.2).

(2) By the Kodaira vanishing theorem, we have A'(EV) =0 (i =0, 1). So
(2a) follows from (1). For (2b), we have

2¢;(E) — s(E) = (deg(Mz|p,) — h°(Mp) + RO(M[' @ My) + 1)
+ (deg(M|p,) — h°(M)) + KO(M;' ® My) + 1)
> (deg(Ma|p,) — h°(Map,) + 1) + (deg(Mi|p,) — K°(Mi|p,) + 1)
> A(Dy, M3|p,) + A(D,, My|p,) >0. O

Lemma 2.3. Let E be a vector bundle of rank 2 on a projective variety of di-
mension n > 1. Assume that E has the following nontrivial extension for line
bundles L and M :

() o—MLESL 0

(1) Assume that ° (M @ L") =h%(L@®M~')=0. Then h(E®REV)=1.
(2) Assume that h'(M ® L~') = 1. Suppose that h°(E ® M~') =1 (which
holds whenever h®(LOM~') = 0). Then h%(E®EV) = 1+hO(M®L™!).
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Proof. Since (x) is nonsplit, the connecting homomorphism J((x) ® L™!):
HY%®@) - HY(M ® L") for (x) ® L~! is injective. Thus A%(E ® L™') =
ho(M ® L~'), and therefore

1<KEQEV)<HEIM ) +ML )=1+hMeL™).

For (1), since A%(M ® L~!) =0, we have h*(EQ EV)=1.
To prove (2), it suffices to show that the connecting homomorphism
O(E ® (¥)V) is a zero map. We consider the diagram

H(@) M) mre L)
Ho(f®M_l)l lH'(f‘@L_l)
HYE @ M-') 200, gy g1,

Since &((x)®L~"): HY(@) — H'(M®L™!) isbijective by the assumption of (2),
HY(f®L): H(M®L™')—» H(E®L™") is a zero map. Since H'(f@M™!)
is isomorphic by assumption, J(E ® (x)V) is a zero map, as required. 0O

The following proposition, which is a special case of a theorem of Fujita [11],
plays an essential role for our classification in the case that K ® det(E) is not
ample.

Proposition 2.4 [11; 10, (20.8)]. Let E be a rank-2 ample vector bundle on a
smooth projective surface X . Let L = det(E) and let K be the canonical bundle
of X. Then K ® L is ample except the following cases:
(1) (X, E)=(P%, &*0(1)).
(2) (X,E)=(P*,0(1)®0(2)).
(3) (X, E) = (P?, Tp).
(4) There exists a vector bundle F on a smooth projective curve C such
that X = Pc(F) and E|r = @*@(1) for any fibre F (= P') of the
projection n: X — C

The following lemma is used in our classification, to describe the structure
of ample and spanned vector bundles on a geometrically ruled surface.

Lemma 2.5 [22, Lemma 2]. Let & be an ample and spanned vector bundle of
rank r > 2 on a projective curve C. Take arbitrary points py, ..., p,—1 of C
with u; = mult,,(C).

(1) If C is rational, then ¢,(&) > (X027} w) + 1.

(2) If C is nonrational, then c;(&) > (Z,’-;]l ui)+2.

3. THE CASE OF $(E)=2c¢(E)

Our goal in this section is to prove the following theorem (see the classifica-
tion chart (Figure 1)).

Theorem 3.1. Let E be an ample and spanned rank-2 vector bundle on a smooth
projective surface X . Then s(E) = 2¢c;(E) if and only if (X, E) is isomorphic
to one of the following :

(1) (P2,0(2)02(2)).
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(2) (P2, Tp(1)), where Tp is the tangent bundle of P?.

(3) (Fo,0Rh+ flad(h+2f)).

(4) (F,, E), where E is a unique bundle defined by a nonsplit exact se-
quence

0—@2h+2f) —E—Ch+3f)—0

(5) P, () (1)).

(6) (P2, 0(1)8d(2)).

(7) (P2, Tp).

(8) (Fe,@(h+af)®?) (a>e>0).

9) Fe,lh+af)o@h+(a+1)f) (a>e>0).

Here, F, denotes the eth Hirzebruch surface with the minimal section h and
a fibre f, and with the projection n: F, — P!.

First we recall the following two fundamental results. For a proof, see [3].

Proposition 3.2 [3, (1.1)]. Let E be an ample and spanned vector bundle of rank
n on a smooth projective variety of dimension n. Assume that s(E) = nc,(E).
Then X is rational.

Lemma 3.3 3, (1.4)]. We keep the notation and the assumptions as in the theo-
rem. Set L = det(E). Assume that s(E) = 2¢c;(E). Then:

(1) gX, L)=h"(LO®K) <cr(E);

(2) hO(L) = h%E) + c2(E) = 1 > 3¢3(E).

Now we prove the theorem. Let L be the determinant bundle of E. The
proof consists of two part: One is the case L® K is ample, and the other is the
case L ® K is not ample.

First we treat the case L ® K is ample.

Step 3.4. Assume that s(E) = 2¢,(E) and that L® K is ample. Then K* > 8,
hence X is isomorphic to P* or F,.

Proof. First note that K ® L is spanned. Indeed, if not, by [22, Theorem
A] we would have (X, E) = (P2, &(1)®?), hence K ® L = &(-1), contra-
diction. In particular A°%(K ® L) > 3. By (3.3)(1) and (2.1)(2), c(E) >
g(P(E),f(1)) = g(X,L) > 3. Then, if 0 < A := A(P(E),&(1)) < 2, we
would have d(P(E),Z(1)) > A+ 2c(E) -2 > 2A+1 by (2.1)(3). So it
follows from [10, (3.5)] that g(P(E), @ (1)) = A < 2, contradiction. There-
fore we have A > 3. Now we prove this step, according to g(X, K ® L).
If g(X,K®L) =0, by [10, (12.1), (5.10)], then X = P2 or F,, hence
K? > 8, as required. If g(X,K® L) =1, by [10, (12.3)], then X is a Del
Pezzo variety with L = K®~2. (For the definition of a Del Pezzo variety, see
[10, (6.3), (6.4)]). By the Kodaira vanishing theorem and Riemann-Roch the-
orem, we have h°(L) = (1/2)(L* - LK)+ 1 =3K?+1 and WYL ®K) =
(1/2)(L*+ LK)+ 1 = K>+ 1. So 3K2+1 > 3¢,(E) > 3K2+ 6 by (3.3),
contradiction. If g(X, K®L) > 2, then, by (2.1)(4), (3.3)(1), and by (3.2), we
have 0 < (g(X,K®L)-2)+(A—-3) < K?-8, hence K*> 8. So, by (3.2),
X is isomorphic to P2 or F,, as required. O

Step 3.5. Assume that X = P? and that L ® K is ample. Then s(E) = 2cy(E)
if and only if (X, E) is isomorphic to (1) or (2).
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Proof. First we assume that s(E) = 2cy(E). Set ¢; = ¢i(E) = deg(L) and
¢y = c(E). Since L and L ® K are ample, we have ¢, > 4 and it follows
from (3.3) that

(i) (1/2)(c1+1)(c1+2) = h°(L) > 3¢, > 3h°(LRK)+3 = (3/2)(ci=1)(c1=2)+3.

Comparing the both sides, we have 0 > (¢; — 1)(c; — 5), hence ¢; =4 or 5. If
¢y =4, by (i), then ¢; =4, or 5. Also, if ¢; =35, then ¢; = 7. Now we look
at the possibilities of E according to ¢; and c;. In each case, if ¢ is a general
global section with a 0-dimensional smooth zero Z := (), then we have the
Koszul sequence

(i1) 0—Cf —E— %#%Q0(c)—0,
and, since s(E) = 2c¢;(E), we may assume that, for each 0 < / < ¢,
h(#Z @) = K@ (1) — ¢y if hO@(1)) > ¢z, h%(FZ @ @(])) = 0 other-

wise.

Case (c;,c) = (4,4). By (ii), A°%(E(=2)) = h% % @ @(2)) = 2 and
hO(E(-3)) = h%(#Z ®@(1)) = 0. Let u be a nonzero global section of E(-2).
Then dim(u)g = 0, ¢ (E(-=2)) = 0, and c3(E(-2)) = 0. Hence there ex-
ists an exact sequence: 0 — ¢ — E(-2) — & — 0, which is split since
Ext'(@, @) =0. Hence E = &(2)®?, which is the bundle in (1).

Case (c1, ;) = (4,5). By (3.3)(2), h°(E) = 11. Hence, by (1.2), s(E) =
2¢y(E) implies that h%(_% ® E) = 1. By (ii), we have h°(E(—4)) = 0. Tensor-
ing (ii) by EV = E(—4), we have an exact sequence 0 — E(—4) - EQ EV —
F2®E -0 .So h%E®EY)=1, hence E is simple. Therefore E is stable
since E is of rank 2 (see [28, p. 172, (1.2.10)]). But ¢;(E(-2)) = 0 and
ho(E(-2)) = h%%Z ® @(2)) = 1 by (ii). This contradicts the stability of E .

Case (c1,c) = (5,7). By (ii), h%E(=2)) = K% % ® @#(3)) = 3 and
hO(E(-3)) = k%% ® @(2)) = 0. A nonzero section u of E(-2) induces
an exact sequence 0 - @ — E(-2) —» % ®@(1) — 0 for some Q € P?, where
S is the ideal sheaf of {Q} C P2. Then h!(E(-3)) = h*(E(-4)) = 0,
hence E(-2) is O-regular (see [26, Lecture 14, p. 99]). Therefore, E(-2)
is spanned. Since 4°(E(-2)) = 3, we have an exact sequence 0 — & —
HY(E(-2))®@(1) — E(—1) = 0. Thus E(-1) is ample and spanned, hence
uniform, so E(—1) = Tp. This is the bundle in (2).

Conversely, we see that the bundles in (1) and (2) are ample and spanned
with K @ L ample and with s(E) = 2¢,(E); the ampleness and spannedness
are clear. For s(E), using (2.2)(1), one checks immediately that s(&7(2)®?) =
2¢;(@(2)®%). For (2), we have already seen that s(Tp(1)) = 2¢2(Tp(1)) in
(1.5)(2). o

Step 3.6. Assume that X is an eth Hirzebruch surface ¥, , with the minimal
section h and a fibre [ and the projection n: F, — P!. Assume that L K is
ample. Then s(E) = 2cy(E) if and only if (X, E) is isomorphic to (3) or (4).
Proof. First we assume that s(E) = 2¢,(E). Set L = &(ah + bf). Then
L®K =C&((a-2)h+ (b—-e—2)f). First we claim that (e,a, b, ;) =
(0,3,3,5) or (1,3,5,6). In fact, since degL|, > 2 by (2.5)(1), we have

(i) b>ae+2.
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Since L and L ® K are ample, it follows from (3.3) that

(@a+1)(b—ae/2+1)=h"(L)> 3¢, > 3%(LRK) + 3
(i) =3(a-1)(b-ae/2-1)+3.

Comparing the both sides, we have 3 > (a—2)(2b—ae—4). Since 2b—ae—4 >
ae by (i) and since a > 3 by the ampleness of L ® K, it follows that

(iii) 3>(a-2)2b-ae—4)> (a-2)ae,

hence 3/a(a—2) > e. Thus e =0, or 1. If e = 0, by (iii), then 3 >
2(a—2)(b—-2), hence a =3 and b = 3. Thus ¢; = 5, by (ii). This is the
first case of the claim. If e = 1, then 3 > (a — 2)a by (iii), hence a = 3.
Then 3 > 2b—7 by (iii), and b > 5 by (i). Thus b =5, hence c; = 6 by (ii).
This is the second case of the claim. In the both cases, since ¢ = 3 and since
E is ample and spanned, E|; = @pi(1) ® Gpi(2) . By Grauert’s theorem (see,
for example, [18, III, 12.9]), n.E(-2) is a locally free sheaf of rank 1 and a
natural map n*n.E(-2) — E(-2) makes n*n,E(—2) a subbundle of E(-2).
Thus we have the following exact sequence for some integers « and f:

(iv) 0—CR2h+af) — E—Ch+pf)— 0.
Then ¢; = —2e +a+ 28 and b = o+ B, hence a = 2b — ¢; — 2e and
B=c—b+2e.

Case (e,a,b,c;) = (0,3,3,5). Then « = 1 and B = 2. Since
Ext!(@(h+2f),002h+ f)) = H(@(h - f)) =0, we have E =@ (h +2f) &
@(2h + f). This is the bundle in (3).

Case (e,a,b,c;)=(1,3,5,6). Then a=2 and B = 3. If the sequence
(iv) were split, by (2.2)(2), we would have s(E) = 11 # 2¢,. Hence (iv) is
nonsplit. This is the bundle in (4).

Conversely, the bundles in (3) is clearly ample and spanned with K ® L
ample, and satisfies s(E) = 2c(E) by (2.2)(2). The global exactness implies
that the bundle (4) is spanned. Due to [14, (2.1)], the ampleness of (4) is
checked by restricting to the integral curves (see also [3, 4, 25]). By (2.2) and
(2.3)(2), s(E) = 2c3(F) holds for (4). O

The remaining part of the classification is the case L ® K is not ample.

Step 3.7. Assume that L ® K is not ample. Then s(E) = 2¢c,(E) if and only if
(X, E) is isomorphic to (5), (6), (7), (8), or (9).

Proof. First we assume that s(E) = 2¢;(F). Since X is rational by (3.2), it
follows from (2.4) that (X, E) is one of (5),(6),(7), or (Fe, E) with E|;-1() =
Opi(1)®2 for each fibre n~!(x) 2 P!. If (X, E) is the pair in the last case, by
Grauert’s theorem (see, for example, [18, III, 12.9]), n.(E(—1)) is locally free
of rank 2 and a natural homomorphism n.7*(E(—1)) — E(—1) is isomorphic.
Since every vector bundle on P! is a direct sum of line bundles (see, for exam-
ple, [18, V, Example 2.6; 28,1, (2.1.1)]), E2 @ (h+af)® & (h+bf) for some
a,beZ. Then E is ample and spanned if and only if a,b >e >0 [18, p.
382, (2.20)]. By (2.2), s(E) = 4a—2e = 2¢;(E) if a = b, which are the bundles
in (8). If b > a, then s(E) = 3a+b—2e+1. Since s(E) = 2¢c;(E) = 2(a+b—e),
we have b = a+ 1, which are the bundles in (9). Conversely, we prove the “if”
part. For (8) and (9), we are done. For the bundles in (5), (6), and (7), the
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ampleness and spannedness are clear. Thus we check that s(E) = 2¢;(E); for
(5) and (6), by (2.2)(2), we have s(E) =2 for (5) and s(E) = 4 for (6). For
(7), s(E)=6=2c(E) as we have already seen in (1.5)(2). 0O

4. THE CASE OF s(E)=2c,(E)-1; K ® det(E) AMPLE

The following two sections are devoted to the proof of the following theorem
(see the classification chart (Figure 2)).

Theorem 4.1. Let E be an ample and spanned rank-2 vector bundle on a smooth
projective surface. Then s(E) = 2c,(E)—1 ifand only if (X, E) is isomorphic
to one of the following:
(1) (P2, (1)@ (3)).
(2) (P2, FP(2)), where F* is the vector bundle defined by an extension of
the ideal sheaf % of P € P* by the structure sheaf @ ([15, (1.33)]; see
also [4, p. 484)), namely 0 - @ — FP — % — 0 is exact.

3) (P2,6(2)00(3)).

(4) (Fo,@2h+2f) @ (h+f)).

(5) (Fo,82h+2f)®d(h+2f)).

(6) (Fo,Z2h+2f)®O(h+3f)).

(7) (Fo, E), where E is a bundle defined by a nonsplit exact sequence

0—C@2h+f)—E—CEHh+3f)—0.

(8) (F1,0Q2h+3f)oO(h+2f)).

9) Fi1,0Q2h+3f)ed(h+3f)).

10) (Fy, E), where E is a unique bundle defined by a nonsplit exact se-
quence

(

0 — @2h+3f) — E — B(h+4f) — 0.

(11) (F,, E), where E is a unique bundle defined by a nonsplit exact se-
quence

0—@Q2h+4f) —E —Oh+4f) — 0

(12) (Fe,@h+af)o@h+(a+2)f)) (a>e>0).

(13) Pc(F), n*(E L) (1)), where Pc(F) is a geometrically ruled
surface over an elliptic curve C with the projection n: Pc(¥) —» C
and with the tautological line bundle @ (1), & and & are normalized
(i.e, HY(F) # 0 but H(F @ /) = 0 for every line bundle ¥ on
C with degV" < 0) rank-2 vector bundles on C of degF = —e and
deg& =1, and & isaline bundle on C of degy = a with a—e > 1.

First we recall Ballico’s result. In order to prepare our notation, we give a
proof here.

Proposition 4.2 [3, (1.2)]. Let E be a spanned vector bundle of rank n with
cn(E) > 0 on a smooth projective variety X of dimension n > 2. Assume that
S(E) = ncy(E) — 1. Then X is dominated by Pc(#), where # is a vector
bundle of rank h°(X, E) — n(cy(E) — 1) on a (possibly noncomplete) integral
curve C . In particular, X is uniruled.
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Proof. Set ¢ = c,(E) and N+1=h%X, E). Let X°~! and X° be the (c—1)-
time and c-time products of X, and |E| = P(H(E)V). We consider incidence
correspondences

F={([1,(Pi,..., P21); 1€ |E|, e X, t(P) =0} C |E| x X° 7!,

G={(ul, (@1, ..., Q)); [ul € |E|, Qi € X, u(Q;) = 0} C |E| x X°,
and the following commutative diagram:

G 24— xo X
al lq|~~c—|
F —L xe-t

where g, f are the second projections, g. the projection to cth factor, and
q1...—1 the projection to (1,...,c — 1)-factor. Note that F is defined by
scheme-theoretically by F =Py.(¥) for a coherent sheaf

c—1 Vool
F = Coker ((@p;‘e) : @p;Ev — HYE)Y ®ﬁxc_.) ,
i=1

i=1

where e is the evaluation map HO(X, E) ® @y — E, V denotes a dual, and
p; the ith projection X°~! — X, and that the same is true for G. Since
S(E) = nc — 1 and hence HY(E) — @<, E ® k(P;) is surjective for some
(Py,...,P._y) € X!, ¥} := X!\ Supp(Coker( f;ll pre)) is nonempty
open subset over which f: F — X¢~! is PN—<(*—1)_pyndle. Let

Vo= X°~'\diag X' = {(P,, ..., Poi); P £ P (i £ ).

For a nonempty open subset W := {([t], (P, ..., P.—1)) € F; (t)o is smooth,
t computes s(E), and P; # P; (i # j)} of F,since a~!([t], (Pi, ..., Pe—1))N
|E| x (X¢\diag X¢) is one point ([t], (Pi, ..., P)) for (t)o = {Pi,..., P},
by Zariski main theorem, there is a section ¢~ !: W — G of o¢. Note that W
dominates |E| and X¢~!. Since f is flat over V;, V3:=f(W)C VinV, isa
open subset. For (P, ..., P._) € V3, let

V(Pi,...,Pc1) =980 " (f T ((P1, ..., Pc)))N W)™,

namely the closure of set of points Q € X such that there exists ¢ € HO(E)
computing s(E) with smooth (¢)o = {P,, ..., P.—1, @Q}. Then, since the di-
mension of general fibre G — g(G) is N — s(E), a general fibre of ¢y... is
of dimension n— 1= (N — n(c — 1)) — (N — s(E)). By Chevalley’s theorem,
Vo={(P,..., Pmy) € V3;dimV (P, ..., P._y) = n—1} is a nonempty open
of X=!. Set V=V, (=Vn---nV,). Fix (P,..., P._;) €V C X', Then
V(Py,...,Pey) #V(Q1, ..., Q1) for some (O, ..., Qc—1) € V. Indeed,
U= {[t] € |E|; t)onV(P,..., P._1) = @} is nonempty open, since E is
spanned of rank »n and hence the correspondence T := {([¢], P); t(P) =0} C
|E| x V(Py, ..., P._y) is irreducible of dim T < dim|E|. Let C be an inte-
gral curve on V containing (P, ..., P._;) and (Qy, ..., Qc—1). Then Z :=
F ®0c islocally free of rank 4°(X, E)—n(c,(E)—1), and an induced rational
map Pc(#) — Py (F|y,) --» X is dominant, since dimV(Qy, ..., Qc—1) =
dlmV(Pl yeeuos Poy)=n—1 and V(P] yeees P)#V(Q1,y ..., Qe—1). O




AMPLE AND SPANNED VECTOR BUNDLES ON SURFACES 883

Lemma 4.3. Let E and X as in (4.1). Set L = det(E). Assume that s(E) =
2¢3(E) = 1. Then h°(E) < h%(L) — c2(E) + 1 and h%(L) > 3c,(E) - 1.

Proof. The idea of this proof is found in Ballico [4, (1.3)]. We keep the nota-
tion as in (4.2). Set ¢ = ¢z : X — P(H(L)). First we note that there exists
(Py,...,P._;) eV c X! suchthat Py, ..., P._; are contained in a smooth
and irreducible divisor D € |L| and such that ¢(P;), ..., ¢(P.—;) are linearly
independent in P(H%(L)). Indeed, we consider an incidence correspondence
S:={D,P,...,P._1);De|L|, P, ..., P._ € D} C|L| x X¢~! with the
projection h: S — X¢~!. Since ¢;(E)—1 < 2¢;(E) < h°(E) < h%(F,,®L)+1 <
hO(L) for any regular section ¢, there exists a nonempty open subset Vs C V
(€ X¢~1) over which S is P™-bundle , where m = h%(L). Since every fibre
of § — |L| is of dimension ¢—1, A~'(V5) dominates |L|. Thus for the open
subset Z of |L| of smooth, irreducible divisors, S N (% x Vs) is nonempty
as required. For such (D, (P, ..., P._1)), we claim Bs|Ap _ p 3 ®L| 2
V(Py,..., P._y) (whererecall that V' (P, ..., P._) is the closure of locus Q €
X for which there exists a regular global section ¢ vanishingat Py, ..., P._;, Q
and computing s(E)); otherwise, D and V (P, ..., P._;) being irreducible,
D=V(P,..., P_;) and hence D would be a smooth rational curve, i.e.,
g(X, L) = 0: It follows from (2.5)(1), together with [10, (12.1), (5.10)], that
(X,L) = (P?,#(2)) and hence E = @(1)®2: But this contradicts to s(E)
= 2¢(E) — 1. Thus, there exists a global section ¢+ € HO(E) such that
(o \{P1,..., Pe_1} €Bs|Ap,, . p_}®L|, t vanishesat P, ..., P._;, and
such that ¢ computes s(E). Therefore

hO(L) - c2(E) < h%(Fp, ® L) < h(Ap, ... p_,y ® L) = hO(L) — ca(E) + 1,
and consequently,
26;(E) =s(E)+ 1 < hYE) < h%(Fp, ® L) + 1 = hO(L) — c2(E) + 1
by Koszul sequence, as required. 0O
Remark 4.4. By the same argument as in the proof of (4.3), for any line bundle

M on X with h%(M) > c;(E)—1 and for a given dense open subset % of |M|,
there exists a dense open subset V3 of X~! with the following property: For

each (P, ..., P,_1) € Vy, there exist a global section ¢ computing s(E) with
(t)o smooth and D € # such that h%(Fy, ® M) < W% AR, p. ) ® M) =
hO(M) —Cz(E)+ 1 and P, ..., Pcz—l eD.

Now we prove the theorem. Set L = det(FE).

Step 4.5. Assume that s(E) = 2c,(E)— 1. Then K ® L is spanned.

Proof. We suppose to the contrary that K ® L is not spanned. Then it fol-
lows from the result of [22] that (X, E) = (P?, @(1)®?). This contradicts the
assumption s(E)=2c(E)-1. O

In the remaining of this section, we treat the case that K ® L is ample.

Step 4.6. Suppose that s(E) = 2¢c;(E) — 1 and that K @ L is ample. Assume
furthermore that h®(K ® L) > ¢;(E). Then g(X, K®L)=0 and h% K®L) =
c2(E). Thus, by [10, (12.1), (5.10)], X is isomorphic to P? or F,.

Proof. The idea of this proof is found in Ballico [4, (1.2)]. Since K ® L is
ample and spanned by (4.5) and since %K ® L) > cy(E), by (4.4), then
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there exist (Py,..., P,—1) € V C X%~! and a smooth irreducible divisor
D € |K ® L| containing Py, ..., P,_;. Then the irreducible rational curve
V(P, ..., P,_1) in the proof of (4.2) intersects with D along a dense (open)
subset of V (P, ..., P,—), since the Cayley-Bacharach property [15, (1.33)]
implies that (¢)o C D for a regular global section ¢ with (t)o D {Py, ..., P,—1}.
Therefore D = V(P,, ..., P,_1), so D is a smooth rational curve, hence
g(X,K ® L) = 0. For the second, we assume to the contrary that
h9(X ® L) > c3(E) . Then there exists a divisor D’ € |[K ® L| with D # D’ and
passing through Py, ..., P,_;. Again the Cayley-Bacharach property implies
that D' D V(Py, ..., P,—1) =D, hence D' = D. This is a contradiction to the
choice of D’'. O

Step 4.7. Suppose that s(E) = 2c,(E) — 1 and that K ® L is ample. Assume
furthermore that h°(K ® L) < ¢;(E) — 1. Then X is rational, and K? > 8.
Hence X is isomorphic to P2 or F,.

Proof. First we claim that X is rational. By (4.2) and dim X =2, X is ruled.
If X were nonrational ruled, we would have g := ¢(X)>1 and K2 <8-38q.
Since g(X, K® L) >0 by [10, (12.3)], (2.1)(4) implies

0<A(Px(E),f(1)+8(X,K®L)
<K2+3h(K®L)—cy(E))+3g+1<6-5q.

Hence ¢ = 1 and A(Px(E), (1)) =0 or g(X,K ® L) =0 holds. When
A(Px(E), &(1)) =0, g(Px(E), @(1)) =0 by[10, (12.1)], hence g(X,L)=0
by (2.1)(3). Anyway, X is a variety of sectional genus O, hence rational (see
[10, (12.1), (5.10)]), contradiction. Thus X is rational.

Since K ® L is ample and spanned by the assumption and (4.5), we have
h%(K®L) > 3. By (2.1)(1)(2) and our assumption, ¢;(E) > g(Px(E), &(1)) =
gX,L)y>3.If 0<A:=APx(E), &(1)) <2, then

d:=d(Px(E),0(1)) >A+2c(E)-3>2A+1

by (2.1)(3). So it follows from [10, (3.5)] that g(Px(E),&(1)) = A < 2,
contradiction. Hence A > 3. Note that, by the same argument, if A =3 then
g(X,L) = g(Px(E),@&(1)) = 3. Now we show that K? > 8 according to
g(X,K®L). When g(X,K®L)=0, X is isomorphic to P? or F,, and
consequently, K2 > 8. When g(X,K®L) =1, since X is rational, X is a
Del Pezzo manifold with K ® L = K~!. By (4.3) and our assumption, we have
3K24+2=h°L)+ 1> 3cy(E) > 3h%K ® L) + 3 = 3K? + 6, contradiction (see
(3.4)). When g(X, K® L) > 2, (2.1)(4) implies that

0< (A(Px(E), #(1))-3) +(g(X, K®L)-2) < K* -7

We claim that K2 > 8. To the contrary, we assume that K* = 7. By the
inequality above, we have g(X,K ® L) = 2, A(Px(E), &(1)) = 3, hence
g(X, L) =3 as remarked above, hence (K ® L)2 =3. So K ® L is an ample
line bundle on X with g(X,K® L) =2 and (K ® L)?> = 3. However, the
variety with the numerical data above does not appear in the classification table
of surfaces of sectional genus 2 [10, (15.2)]. Therefore K% > 8, hence X is
isomorphic to P2 or F,. O
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Step 4.8. Assume that X is a projective space P?* and that K ® L is ample.
Then s(E)=2c,(E)—1 ifand only if (X, E) is isomorphic to (1), (2), or (3).
Proof. First we assume that s(E) = 2¢,(E)—1. Set ¢; = ¢;(E) and ¢; = ¢3(E).
Since L and K ® L are ample, it follows from (4.3) and (4.6) that

(i) (1/2)(c1+1)(c1+2)+1 = hO(L)+1 > 3¢y > 3K%K®L) = (3/2)(c1—1)(c1-2).

Comparing both sides, we have 8 > (¢, — 3)2. Since ¢; >4, ¢; =4, 0r 5.
When ¢y =4, ¢c;=3,4,0r 5 by (i). When ¢; =5, ¢; = 6 or 7. In each case,
if ¢ is a general section of E with a O-dimensional smooth zero Z := (¢)o,
then we have Koszul sequence:

(i1) 00— —E— %0 —0,

and we may assume that, for a point P of Z, the points of Z’ := Z\{P} enjoy
the independence condition with respect to @ (/) (0 </ < ¢;) (see (4.4)). Now
we will look at the possibilities of E, according to the value of ¢; and c;.

Case (¢, ¢;) = (4, 3). By (ii), h%(E(-4)) = h°(%) =0 and h%(E(-3)) =
W(HZe0(1) =h(H%@K®L). Since #Z =c; =3 and A% K QL) =3,
by the Cayley-Bacharach property of Z with respect to K ® L [15, (1.33)],
h(#Z®K®L)>1,hence h%E(-3)) > 1. A nonzero section u € HO(E(-3))
induces an exact sequence 0 —» @ — E(-3) — @(-2) — 0, which is split, and
hence, E = @(1) ® @(3). This is the bundle in (1).

Case (c1,c) = (4,4). By (ii), A%E(-2)) = h%(H%Z @ @(2)) > 2 and
hY(E(-3)) = h%(H%Z @ @(1)) < h%(HZ @ @(1)) = 0. By the same way as above
(see also (3.5)), we have E = @(2)®2. But s(E) = 2c;(E), contradiction.

Case (c1,¢c) = (4,5). By (i), A%E(=-2)) = h%(H%Z @ @(2)) > 1 and
hO(E(-3)) = h%(SHZ @ @(1)) < h%( % ® @(1)) = 0. A nonzero section u €
H%(E(-3)) induces an exact sequence 0 — @ — E(-2) —» % — 0 for some
P € P?. Thus E = FP ® @(2). This is the bundle in (2).

Case (c1, ¢2)=(5,6). By (ii), h°%(E(=3))=h"(SZ ® F(2))=h"(ZQKSL)
and h%(E(-4)) = h%(F%Z ® &(1)) < h%F ® &(1)) = 0. By the Cayley-
Bacharach property, 4°(% ® K ® L) > 1, hence h°(E(-3)) > 1. Thus a
nonzero section u € H(E(—3)) induces an exact sequence 0 — @ — E(-3) —
@(-1) = 0, which is split since Ext'(Z(~1),#)=0. Thus E =& (2)a(3).
This is the bundle in (3).

Case (c1,¢) = (5,7). By (ii), h%E(-2)) = h%(H% ® @(3)) > 3 and
hY(E(-3)) = h%(H% ® @(2)) < h%( Sz ® @(2)) = 0. By the same way as in
(3.5), we have E = Tp(1) and s(E) = c;(E), contradiction.

Conversely, by (2.2)(2), one checks easily that the bundles in (1) and (3)
satisfy the required property. In the case (2), by construction of F¥, FP has
a surjection @ ®@(—1)®2 — FP  and hence F?(2) is ample and spanned. We
calculate s(E) (cf. [4, (5.2)]). By the exact sequence defining F* and an exact
sequence 0 — FP — FP @ FF - % ® FF — 0, we have h°(FF ® FP) =
h°(% ® FP)+ 1. From Koszul complex of k(P) over &p, we have 0 — % —
FP® % - %5 ® %5 —>0and 0 — k(P) » H 5% — 5 — 0, and hence
h%(FP ® FP) = 2. For a regular global section ¢ of E with P ¢ Z := (t)o,
0> #%ZQ2) - E® A — S 5(2) = 0 is exact, and hence h%(E ® %) <
h°(#Z(2)) + h°(Fp + Fz(2)) < 2h°(#(2)). From Koszul sequence of E, we
have 0 - #(-2) - FF - %(2) - 0 and 0 —» FP(-2) - FP 2 FF -
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J2 ® E — 0. By the first, h1°(.%(2)) = 1 hence h°(E ® %z) < 2. By the
second, h*(%Z QE) > h%(FF®FF)=2. Thus s(E) = h%(E)-h°(%®E) =9,
as required. O

Step 4.9. Assume that X is an eth Hirzebruch surface ¥, (e > 0) with the
projection n: F, — P!, the minimal section h, and a fibre f. Assume that
K QL is ample. Then s(E) = 2¢c,(E) — 1 ifand only if (X, E) is isomorphic
to (4), (5), (6), (7), (8). (9), (10), or (11).

Proof. First we assume that s(E) = 2¢c;(E)— 1. Set L =& (ah +bf), hence
K®L=0C((a-2)h+(b-2-¢e)f). By (2.5)(1), we have degL|, > 2, hence

(1) b>ae+2.
Since L and K ® L are ample, it follows from (4.3) and (4.6) that

(@+1)(b—ae/2+1)+1=hr(L)+1> 3¢,

(i) 0
>3 (K®L)=3(a—-1)(b—ae/2-1).
Comparing both sides, we have 7 > (a—2)(2b—ae—4). Since 2b—ae > ae+4
by (i), we have

(iii) 7> (a—2)(2b — ae — 4) > ae(a —2) > 0.

Thus 7/a(a—2) >e. Since a, b >3, wehave 7/3>2>e>0.

When e =0, 7 > (a - 2)(2b - 4) by (iii), hence (a, b) = (3, 3),(3,4),
(3,5),(4, 3),(5, 3). Since e =0, replacing one projection with the other, we
have only to consider the cases (3, 3),(3,4),(3,5).

When e =1, 7 > a(a—2) by (iii). Hence a = 3 by the ampleness of K®L .
By (iii) and (i), 7 > b > 5, and hence, we have (a, b) = (3, 5), (3,6), (3, 7).

When e = 2, 7 > 2a(a — 2) by (iii). Hence a = 3 by the ampleness of
K ® L. By (iii) and (i), b = 8, and hence, we have (a, b) = (3, 8).

For each case, using (ii), we calculate c;. Moreover, since a =3 and E is
ample and spanned, we have the following exact sequence for some integers «
and B (see (3.6)):

(iv) 0—@2h+af) — E— @h+pf) — 0.

Note that ¢; = —2e+a+28, b =a+f,hence g =c,—b+2e, a =2b—c;-2e,
and a— f — e =3b—2c, — 5e. Since

Ext'(@(h+ BS), O2h+af) = H (@ (h+ (a - B)f))
= H'(Opi(a— B)®Tpi(a— B —¢)),

if a—f—e > —1 then (iv) is split. If (iv) is split, @(2h+af) and &(h+Bf) are
ample and spanned, hence, in the case (e, a, b, ) = (1,3, 5, 6), (2, 3, 8, 8),
the exact sequences (iv) are nonsplit. Thus we have the following possibilities:
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e a b o a-pf—-e a B (iv)is split? type
0 3 3 4 1 2 1 split 4)
0 3 3 5 -1 1 2 split -

0 3 4 6 0 2 2 split (5)
0 3 4 7 -2 1 3 split/nonsplit —/(7)
0 35 8 -1 2 3 split (6)
1 355 0 3 2 split (8)
1 3 5 6 -2 2 3 nonsplit -

1 36 7 -1 3 3 split 9)
1 37 9 -2 3 4 split/nonsplit —/(10)
2 3 8 8 -2 4 4 nonsplit (11)

Now we claim that the split case in (e, a, b, ;) = (0, 3, 3, 5), (0, 3,4,7),
and (1, 3,7, 9) do not occur, and that (e, a, b, c;) =(1, 3, 5, 6) case does
not occur. Indeed, if the exact sequence (iv) is split in each case (e, a, b, ;) =
(0,3,3,5),(0,3,4,7),(1,3,7,9), using (2.2), then it is easy to see that
S(E) # 2c0(E)—1. If (e,a,b,c;) = (1,3,5,6), then (iv) is nonsplit.
By (3.1)(4), s(E) = 12 = 2c,. This is contradiction. Thus E is one of
(4),...,(11).

Conversely, it is easily checked that the bundles £ in (4), ..., (11) satisfy
the required properties, as in (3.6). O

5. THE CASE OF s(E)=2c,(E)-1; K ® det(E) NOT AMPLE

Step 5.1. Assume that K ® L is not ample and that s(E) = 2¢;(E) — 1. Then
X is a geometrically ruled surface Pc(F) over a smooth projective curve C of
genus q = q(X) with the projection n: X — C and with the tautological line
bundle &(1), and E = n*(& @ &)@ (1), where ¥ and & are normalized
rank-2 vector bundles on C of degree —e and B respectively (i.e., H)(F) # 0
but HYF ®4) =0 for every line bundle #" on C with deg#/ < 0), and &
is a line bundle on C of deg = «. Since & and F are normalized, they fit
into the following exact sequences (see [18, pp. 376-377, (2.12)(2.15)]):

i) 0—Cr—& — H —0,
(ii) 0—COr—%F —-¥ —0,

where # and & are line bundles on C. Consequently, there is an exact
sequence:

(iii) 0— 1" (¥)®O(1) — E — 1"/ @.#)@F(1) — 0.

Hence c;(E)=2a+ B —e=deg(L @ M @ .54 %?%).

Proof. By (2.4), (X, E) is isomorphic to one of (1), (2), (3), (4) in (2.4). But
in the cases (1), (2), and (3), we have s(E) = 2¢,(E). Thus (X, E) is the case
(4). The rest follows from Grauert’s theorem as in (3.7). O

Step 5.2. We keep the notation and the assumptions as in (5.1). Assume fur-
thermore that c,(E) > 3. Then h°( K ® L) = q — 1 4+ c3(E) < &»(E), and
consequently q =q(X)<1.
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Proof. Set /' =% @ # ® & ®2. For the canonical sheaf wc of C, since
deg(wc®A) =2q—2+cy(E) > 2g+1 and since KQL = n*(wc®A), wc®N
is very ample and h%(X, KQL) = h%(C, wc®4) = q—1+c(E). Thus ¢ :=
#ker| factors through the embedding v := ¢|,.r: C — P(HY(C, wc®N)),
namely ¢ = y on. To show h%(K ® L) < ¢;(E), we suppose to the contrary
that %K ® L) > c;(E) + 1. As remarked in (4.4) (and (4.2)), there exist
(Piy..., Py_y) €V C X! a(general) hyperplane H of P(H(K®L)), and
a global section ¢ € H'(E) computing s(E) such that ¢(P), ..., ¢(P,-1) €
H, (t)o={P1,..., Py—1, P,} for some P, € X, and such that for H the
general position lemma of y(C) = ¢(X) holds, i.e., any distinct c;(E) (<
h(w. ® #)) points of y(C)N H are linearly independent (see, for example,
[19, Proposition 5]). Note that #(P;) # n(P;) if i # j, since E|r & Gpi(1)®?
for every fibre F of n. Hence ¢(P;) # o(P;) if i#j. So ¢(P1), ..., ¢(F)
are linearly independent, since they lie on H by the Cayley-Bacharach property
[15, (1.33)]. But, by the Cayley-Bacharach property again, every hyperplane
through ¢(Py), ..., ¢(P,—1) is also through ¢(P,), hence the linear subspace
spanned by ¢(Py), ..., ¢(F.,) is of dimension ¢, — 2. This is contradiction.
Thus we have "% K ® L) < ¢;(E) and hence ¢ <1. O

Step 5.3. We keep the notation and the assumption as in (5.1). Suppose that
c(E)=2. Then gq=¢q(X)<1.

Here, without any assumption on s(E), we prove the following.

Proposition 5.4. Let X be a geometrically ruled surface over a smooth projective
curve C with the projection n: X — C and let E be an ample and spanned
rank-2 vector bundle on X with c;(E)=2. Let L =det(E) and let K be the
canonical bundle of X . Suppose that K ® L is not ample. Then the geometric
genus q of this C is less than or equal to 1.

To prove this, we need the following two lemmas.

Lemma 5.5. Let & be a normalized rank-2 vector bundle on a smooth projective
curve C and % a line bundle on C. Assume that h°(C, % ® B) > 3. (This
condition holds whenever & ® & is ample and spanned.) Then deg % > 1.
Proof. Fix a point x of C. Since rank¥ ® & =2 and h(C,Z @ %) >3,
h(C,% ® #(-x)) > 1. Since ¥ is normalized, det#(—x) > 0, hence
deg# > 1, as required. O

Lemma 5.6. Let . be a special line bundle on a hyperelliptic curve C of genus
g2>2 (ie, h'(Z)#0 (i=0,1)). Then the complete linear system g} :=|.Z|
is of the form rg} + py + -+ Da—y,, Where no two of the p;’s are conjugate
under the hyperelliptic involution. In particular, if £ is a spanned and special
line bundle on C, then deg.¥ =0 (mod 2).

Proof. See, for example, [1, p. 41, Example D-9]. O

Proof of Proposition 5.4. Assume to the contrary that ¢ > 2. Since K® L is not
ample, by (2.4), we may assume that X = P¢(¥) and E = n*(£eY)00(1),
where & and & are normalized rank-2 vector bundles on C of deg¥ = 8
and deg& = —e, & is aline bundle of degree a, and @(1) is the tautological
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line bundle of Pc(¥). Since & and & are normalized, they fit into the exact
sequences 0 -G - & - M# —-0and 0 - O - % - ¥ — 0, where #
and .Z are line bundles on C of deg.# = B and deg.¥ = —e. Thus E fits
into the following exact sequence:

0 —1'¥ ®O(1) —E — "4 @ M) (1) — 0.

First we claim that C is a hyperelliptic curve. Set /" = £ Q.# @« ®?. Since
K®L=n*(wc®) and since deg(wc®4)=29—-2+(E)=2q, woc®N
is spanned and so is K ® L, and hence a morphism ¢xgr: X — P(HY(K®L))
factors through y := ¢jy.er| : C — P(HY(C, w ® #)). Namely ¢xor =
wom. Let t € HY(E) be a regular global section and let {P,, P,} = (f)o.
Since E|r & &pi(1)®? for any fibre F of n, n(P) # n(P,). But by the
Cayley-Bacharach property [15, (1.33)], won(P)) = w on(P;). Thus y: C —
w(C) is a finite morphism of degree / > 2. Since h%(y(C), Gy)(1)) =
h(C,wc®A)=q+1 and deg(@yc)(1)) = 2q/I, the well-known fact A :=
1+deg@,c)(1)—h°(w(C), Gy(cy(1)) > 0 implies that / =2 and A = 0. Hence
w(C)=P!. Thus C is a hyperelliptic curve of genus g > 2.

Since E is ample and spanned, so is n*(& ® #)® @(1), and hence & ®
A ® F is ample and spanned. Moreover, E|c, = & @ & ® .F is ample and
spanned, where Cj is the minimal section of 7 corresponding to the 1-quotient
F - Z . Applying (5.5) to (¥ @4 )®F and & (¥ ®.F), wehave a+8 > 1
and a—e > 1. But, since ¢;(FE) =2a+ f —e =2, we have

(1) a+pf=1 and a-e=1.

On the other hand, since E is ample and spanned of rank 2 and since L is
spanned, considering the Koszul complex associated with ¢ € H(E), we have

4<hYE) < k@) + h*(Fy, ® L) < 1+ h*(FApy ® L) = BO(L).
By using this, we look at the dimension of global sections of (¥ ® % )%2 ® #
and ¥ @ ¥/ ® # . Note that (& @ ¥ )®2@.# = L|c, and L(-Cp) 2 O(1) ®
(¥ ®2@.4). Since F is normalized, h°(Z(1)@n* (¥ ®2Q.#)) = h°(C, F ®
(F®2@M4)) =0 if deg(¥/®?@.#)=2a+f =a+1<0, and hence
(i) W(Z @A) M) =h(Lic)>h(L)>4 ifa<-l.
For h°(¥ ® &/ ® #), note that ¥ ® & ® # fits into the exact sequence

0 - RY —-E&RIVRQY - M3V L —0,

and that &% ®.% = E|¢, and E(-Cp) = n*(&Q®Y). Since & is normalized,
KO(E(-Co)) = 0 if @ < 0, hence (& @ & ® F) = h%(E|c,) > h%(E) > 4
if a < 0. On the other hand, by (i), deg(&/ ® .¥) = a —e = 1, hence
h(¥ ® Z) <1 since g # 0. Thus we have
(iii) WLV RA)>h(ERY L)-(¥ ©F)>3 ifa<O.

Now we will deduce a contradiction according to a. Since X @ £ ® A is
ample and spanned, we have deg(X @£ @)= —-e+f+a>2by ¢g#0. So
¢(E)=2a+ B —e =2 implies that a < 0. But, if a =0, then = —¢ = 1|
by (i). Thus deg(®&/ ®.%)=1 and deg(¥X @Y @.4) =2, s0

3<hEQHX QL)< A QL)+ (P oA M) <3,
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hence (¥ ® L) =1 and h(F @¥ @ #)=2. Thus |¥ ®.F| = {x} for
some x € C and |.Z @« @.#|= g;. When ¢ > 3, since (¥ ®.%)®?@.# isof
degree 3, it is special. Since (& ®.%)®2®.# is spanned, this contradicts (5.6).
When ¢ =2, deg((%/ 82)®?®.#) = 2q—1, hence, by Riemann-Roch, we have
(& ® L)®2®@.4#) = 2. On the other hand, h°(&/ ®.Z)®2@ 4 QO (-x)) =
h(&Z ® s/ ®#) = 2. This implies that x is a base point of (& ®.Z)®2@.# ,
contradiction. Thus a < —1.
Then we claim that

(iv) a+pB-e=0 (mod2).

Since ¥ ® # ® & is ample and spanned of degree a + f — e, by (5.6), we
have only to show that . ® # ® & is special. Since a < —1, by (iii), we have
(¥ ® # ® /) > 3. Moreover, by B < g (see [27, Theorem 1]) and by (i),
deg(X @4 @) =0a+ B —e =1+ <1+ q. Hence, by Riemann-Roch,
WNZ A e4)>1. Thus & @# ®% is special, as required.
When a = -1, f =—-e =2 by (i). This contradicts (iv). Hence a < -2.
Finally we claim that

(v) 2a—2e+8=0 (mod?2).

As above, since L|c, & (£ ® &)®? ® # is ample and spanned of degree
20— 2e + B, by (5.6), we have only to show that (¥ ® &/)®2 ® .# is special.
Since a < -2, by (ii), we have h%(L @ #)®2®.#) > 4. By B < q and (i),
deg((L @Y )®2@#) =2a—2e+ f =2+ B < 2+q. Hence, by Riemann-Roch,
H(&ZeL)®2e#)>1. Thus (¥ @%)®2®.4 is special, as required.

Now we get to the final contradiction; (iv) and (v) imply that a —e = 0
(mod 2), which contradicts (i). Thus ¢ < 1. O

Since s(E) >dim X =2, we have ¢;(E) > 2. So we have ¢(X) =0 or 1.

Step 5.7. Assume that X is an eth Hirzebruch surface F, with the projection
n: X — P!, the minimal section h and with a fibre f. Assume that K ® L is
not ample. Then s(E) = 2c,(E) — 1 ifand only if (X, E) is isomorphic to one
of (12).

Proof. If s(E) =2c,(E) — 1, it follows from (5.1) that the bundle E is of the
form @(h+af)®@(h+bf). Then E is ample and spanned if and only if
a,b>e. If a=0b, then s(E) = 2c,(E) by (2.2). Thus we may assume that
b>a>e. Then s(E)=3a+b—-2e+1 by (2.2) and ¢;(E) = -e+a+b,
hence s(E) =2cy(E) —1 if and only if b =a + 2, as required. O

Finally we determine the bundles £ with s(E) = 2¢c;(E) — 1, on an elliptic
geometrically ruled surface X . Before doing this, we note the following lemmas
about a normalized and indecomposable rank-2 vector bundle on an elliptic
curve.

Lemma 5.8. Let & be an indecomposable and normalized vector bundle of rank
2 on an elliptic curve C .
(1) If deg& =0, then (&) =1, h' (&) =1, and h'(& @ &V)
(2) If deg& =1, then h%(&)=1,h' (&) =0, and h9(& @ &V)

2.
1.




AMPLE AND SPANNED VECTOR BUNDLES ON SURFACES 891

Proof. This easily follows from [18, p. 337, (2.15)] and (2.3)(2) (see also [6,
Lemma 1] for (2)). O

Lemma 5.9. Let & and C be as in (5.8). Assume that deg& = 1. Let /¥ bea
line bundle of degree 1 on C. Then, for each x € C, there exists a line bundle
&* of degree 1 on C such that

(%) 0—COr(x) = &QRN —F*RCOc(x) — 0
is exact. Therefore, & ® V' is generated by its global sections.
Proof. See, for example, [6, p. 229]. O

Step 5.10. Assume that X is a geometrically ruled surface over an elliptic curve
C with the projection n: X — C and that K ® L is not ample. Then s(E) =
2c)(E) -1 ifand only if (X, E) is isomorphic to one of (13).

Proof. If s(E) = 2c(E) — 1, by (5.1), we have X = Po(¥) and E =
(& A)®O(l), where F , &, &, and @(1) are as in (5.1). Let Cy be
the member of |#(1)| corresponding to the quotient & — £ . First we claim
that E is indecomposable. To the contrary, we assume that £ = M| & M,
for line bundles M; (i =1, 2). By (2.2), a smooth and irreducible member
D, € |M;| or D, € |M;| is of A-genus zero, hence a smooth rational curve,
so g(X,M;)=0 or g(X, M) =0. Therefore X must be rational (see [10,
(12.1), (5.10)]), contradiction. Hence E is indecomposable and so is & . In
particular, the exact sequences (i) and (iii) in (5.1) are nonsplit and therefore,
for # in (i), there are two possibilities (see [18, p. 377, (2.15)]):

Casel. # = O, hence deg& =0.

Case Il. # = Oc(x) for some x € C, hence deg& = 1.

Now we show that Case I does not occur. To exclude Case I, we calculate
s(E) by using the exact sequence (iii) in (5.1). Clearly h°(EV) = h'(EV) =0.
By (2.5)(2), degE|c, = ci(E).Co = —2e +2a > 3, hence o —e > 2 and
a>2+e > 1. Therefore

0=h'(F)+h (LK) >h(F ¥)=h'(n"¥ (1))
Consequently, h°(E) = 2h%(n*&/ ® @(1)). By (2.2) and (5.8),
S(EY=hYE)-hEQEV)=hYE)-h'(& &)
=2(R(n*/ @ @(1)) — 1) £ 2¢c2(E) -1 (mod 2),

contradiction (see also Remark 5.11).

In Case II, the exact sequence (iii) in (5.1) is
(1) 0 —nm¥e®0(l) - FE —n'¥(x)o8(1) — 0.
Since E|c, is ample and spanned, deg E|c, = ¢|(E).Co = —2e +2a+1 >3 by
(2.5), hence o —e > 1, as required.

Conversely, we show that every vector bundle E in (13) is ample and spanned
with s(E) = 2c,(E)—1. Note that E fits into the exact sequence (i). One checks

easily that, for every line bundle .Z" of deg.Z =0 on C, setting &' = ¥ ®Z ,
we have

s’ @0(1) =h(F @' =2a—e,
(' (x) @ @(1)) = h(F @' (x)) = 2a—e +2,
(' (1)) = (F @) =0.
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Consequently, (i) is globally exact and h°(E) = 4a — 2e + 2. It follows from
this and (2.2) and (5.8) that
S(E)y=hY"E)—h(EQEY)=4a—2e+2-h(& &) =20(E)-1,

if E is ample and spanned. By [18, p. 382, (2.20), (2.21); p. 385, Example 2.12],
the global exactness of (i) implies that E is ample and spanned if a —e > 2
and that E is ample if a—e = 1. It remains to show that E is spanned when
a—e =1. (In the case e = —1, the proof is in [6].) Since (i) is globally exact
and since 7n*% (x) ® @(1) is spanned, H°(E) spans E at each point of X
away from Bs|n*% @ @ (1)|.

When ¢ = —1, a = 0 and ¥ ® & is normalized, there exists a section
D e |n*/ ® @(1)| of = with D> = 1. Since E|p = n*&|p ® @(D)|p is
spanned by (5.9) and since h'(E ® @(-D)) = h'(&) = 0 by (5.8), H(E) also
spans E at each point of D, as required.

When e =0 and ¥ is indecomposable, & = @¢(z) for some z € C and
hence Bs|@(1)®n*&/ | C Supp(Co+n*z). By (5.9), foreach z' # z € C, E fits
into another exact sequence 0 — n*@c(z')® (1) - E - n*#F ®7(1) — 0,
where Z is a line bundle of degree 2 over C. Thus H?(E) spans E at
each point away from C,. Since h'(E ® &(—Cp)) = 0, and since E|c, =
& @& ®c,(Cop) is spanned by (5.9), E is spanned.

When e > 0 and & is decomposable, ¥ = Oc &.%, deg.¥ = —e <0 and
& ®F =0(z) forsome z€ C. Let D€ |@(1)® n*(Z~!)| be a section of
n corresponding to Oc & . — @c. Then Bs|@(1)@n*(¥ )| C D+ 7n*z. As
above, H(E) spans E at each point away from Supp(D). Since h'(E(-D)) =
W&o« ®.L)=0 and since E|p 2 & ®p(l)® ¥, E is spanned. This
completes the proof. O

Remark 5.11. Let (X, E) be the pair as in Case I in (5.10). Then E is ample
and spanned if and only if @ —e > 2. In this case, ¢;(E) = 2a — e, and
S(E) = 2¢y(E) — 2 hold. Thus the (X, E)’s are counterexamples to (6.1)
in [4]. Consequently, the main theorem (0.1) of [5] is false. On the other
hand, one checks immediately that s(E) = 6 = 2¢;(E) — 2 for (X, E) =
(P2, (1)@ (4)). Hence (X, E) satisfies the conditions in (0.1) [5], but does
not appear in the list in (0.1) of [5], either.

6. AN APPLICATION: AMPLE AND SPANNED RANK-2 BUNDLES
OF ¢,=2 ON SURFACES

In this section, as an application of (3.1) and (4.1) together with a result
of Ballico [3, (4.2)], we classify rank-2 ample and spanned vector bundles on
smooth complex projective surfaces with ¢;(E) = 2.

Theorem 6.1. Let E be an ample and spanned rank-2 vector bundle on a smooth
projective surface X . Then c¢;(E) = 2 if and only if (X, E) is one of the
Sfollowing

(1) (X,E)=(P*,0(1)©0(2).

(2) (X, E) = (Q?, @(1)®2), where Q? is a smooth quadric in P3.

(3) X is isomorphic to a geometrically ruled surface Pc(F) over an elliptic
curve C with the projection n: Pc(¥F) — C and with the tautologi-
cal line bundle @(1), and E = n*(&)® @(1). Here & and & are
indecomposable rank-2 vector bundles on C of degree 1.
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(4) There exists a finite morphism f: X — P? of degree 2 and E =
frems).
Proof. If E is ample and spanned with ¢,(E) = 2, then, by the definition of
S(E), 2=dimX < s(E) <2¢(E) =dim X - c;(E). When s(E) =4, by (3.1),
(X, E) is isomorphic to one of (1) or (2). When s(E) =3,by (4.1), (X, E) is
isomorphic to one of (3). When s(E) =2, by [3, (4.2)], (X, E) is isomorphic
to one of (4). The converse is obvious. O
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